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FINITENESS OF MEROMORPHIC MAPPINGS FROM
KA¨HLER MANIFOLD INTO PROJECTIVE SPACE
PHAM DUC THOAN, NGUYEN DANG TUYEN, AND NOULORVANG VANGTY
Abstract. The purpose of this paper is to prove the finiteness theorems for meromor-
phic mappings of a complete connected Ka¨hler manifold into projective space sharing few
hyperplanes in subgeneral position without counting multiplicity, where all zeros with
multiplicities more than a certain number are omitted. Our results are extensions and
generalizations of some recent ones.
1. Introduction
Let f be a non-constant meromorphic mapping of Cm into Pn(C) and let H be a
hyperplane in Pn(C). Denote by ν(f,Hj)(z) the intersecting multiplicity of the mapping f
with the hyperplane Hj at the point f(z).
For a divisor ν on Cm and for a positive integer k or k = +∞, we set
ν6k(z) =
{
0 if ν(z) > k,
ν(z) if ν(z) 6 k.
Similarly, we define ν>k(z). If ϕ is a meromorphic function, the zero divisor of ϕ is denoted
by νϕ.
Let H1, H2, . . . , Hq be hyperplanes of P
n(C) (in subgeneral position or in general po-
sition) and let k1, . . . , kq be positive integers or +∞. Assume that f is a meromorphic
mapping satisfying
dim{z : ν(f,Hi),6ki(z) · ν(f,Hj),6kj(z)} 6 m− 2 (1 6 i < j 6 q).
Let d be an integer number. We denote by F(f, {Hj, kj}qj=1, d) the set of all meromorphic
mappings g : Cm → Pn(C) satisfying the following two conditions:
(a) min(ν(f,Hj),6kj , d) = min(ν(g,Hj),6kj , d) (1 6 j 6 q).
(b) f(z) = g(z) on
⋃q
j=1{z : ν(f,Hj),6kj(z) > 0}.
If k1 = · · · = kq = +∞, we will simply use notation F(f, {Hj}qj=1, d) instead of
F(f, {Hj,∞}qj=1, d).
In 1926, Nevanlinna [8] showed that two distinct nonconstant meromorphic functions
f and g on the complex plane cannot have the same inverse images for five distinct
values, and that g is a linear fractional transformation of f if they have the same inverse
images counted with multiplicities for four distinct values. After that, many authors have
extended and improved Nevanlinna’s results to the case of meromorphic mappings into
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complex projective spaces such as Fujimoto [3, 5, 6], Smiley [15], Ru-Sogome [14], Chen-
Yan [1], Dethloff-Tan [2], Quang [16, 17, 18, 19], Nhung-Quynh [9].... These theorems
are called uniqueness theorems or finiteness theorems. The first finiteness theorem for
the case of meromorphic mappings from Cm into complex projective space Pn(C) sharing
2n+2 hyperplanes is given by Quang [17] in 2012 and its correction [20] in 2015. Recently,
he [18] extended his results and obtained the following finiteness theorem, in which he
did not need to count all zeros with multiplicities more than certain values.
Theorem A (see [18, Theorem 1.1]) Let f be a linearly nondegenerate meromorphic
mapping of Cm into Pn(C). Let H1, . . . , H2n+2 be 2n+ 2 hyperplanes of P
n(C) in general
position and let k1, . . . , k2n+2 be positive integers or +∞. Assume that
2n+2∑
i=1
1
ki + 1
< min
{
n + 1
3n2 + n
,
5n− 9
24n+ 12
,
n2 − 1
10n2 + 8n
}
.
Then ♯F(f, {Hi, ki}2n+2i=1 , 1) 6 2.
Note that the condition
2n+2∑
i=1
1
ki + 1
< min
{
n+ 1
3n2 + n
,
5n− 9
24n+ 12
,
n2 − 1
10n2 + 8n
}
in Theorem
A becomes
2n+2∑
i=1
1
ki + 1
<
n + 1
3n2 + n
when n ≥ 5.
We now consider the general case, where f : M → Pn(C) is a meromorphic mapping
of an m-dimensional complete connected Ka¨hler manifold M , whose universal covering is
biholomorphic to a ball B(R0) = {z ∈ Cm : ||z|| < R0} (0 < R0 6∞), into Pn(C).
Let H1, . . . , Hq be hyperplanes of P
n(C) and let k1, . . . , kq be integers or +∞. Then, the
family F(f, {Hi, ki}qi=1, d) are defined similarly as above, where d is an integer number.
For ρ > 0, we say that f satisfies the condition (Cρ) if there exists a nonzero bounded
continuous real-valued function h on M such that
ρΩf + dd
c log h2 ≥ Ricω,
where Ωf is the full-back of the Fubini-Study form Ω on P
n(C), ω =
√−1
2
∑
i,j hij¯dzi∧dzj
is Ka¨hler form on M , Ricω = ddc log(det(hij)), d = ∂ + ∂ and d
c =
√−1
4π
(∂ − ∂).
Very recently, Quang [19] obtained a finiteness theorem for meromorphic mappings
from such Ka¨hler manifold M into Pn(C) sharing hyperplanes regardless of multiplicities
by giving new definitions of ”functions of small intergration” and ”functions of bounded
intergration” as well as proposing a new method to deal with the difficulties when he
met on the Ka¨hler manifold. We would like to emphasize that Quang’s result is also the
first finiteness theorem for meromorphic mappings on the Ka¨hler manifold, although the
uniqueness theorems were discovered early by Fujimoto [5] and later by many authors
such as Ru-Sogome [14] or Nhung-Quynh [9] and others. Here is his result.
Theorem B (see [19, Theorem 1.1]). Let M be an m-dimensional connected Ka¨hler
manifold whose universal covering is biholomorphic to Cm or the unit ball B(1) of Cm,
and let f be a linearly nondegenerate meromorphic mapping of M into Pn(C) (n > 2).
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Let H1, . . . , Hq be q hyperplanes of P
n(C) in general position. Assume that f satisfies the
condition (Cρ). If
q > n+ 1 +
3nq
6n+ 1
+ ρ
(n2 + 4q − 3n)(6n+ 1)
6n2 + 2
then ♯F(f, {Hi}qi=1, 1) 6 2.
Unfortunately, in this result, all zeros with multiplicities must need to be counted and
hence Theorem B can not be an extension or a generalization of Theorem A.
Our purpose in this article is to prove a similar result to Theorems A and B for the case
of a meromorphic mapping from a complete connected Ka¨hler manifold into projective
space, in which all zeros with multiplicities more than a certain number are omitted.
However, the key used in the proof of Theorem A is technique rearranging counting
functions to compare counting functions with characteristic functions, which is not valid
on the Khler manifold. In addition, the proof of Theorem B cannot work on the case of
ki < ∞. To overcome these difficulties, we use the technique in [22] and the methods
in [19], as well as considering new auxiliary functions to obtain a new finiteness theorem
which will generalize and extend the theorems cited above. Namely, we will prove the
following theorem.
Theorem 1.1. Let M be an m-dimensional connected Ka¨hler manifold whose universal
covering is biholomorphic to Cm or the unit ball B(1) of Cm, and let f be a linearly nonde-
generate meromorphic mapping of M into Pn(C) (n > 2). Let H1, . . . , Hq be q hyperplanes
of Pn(C) in N-subgeneral position and let k1, . . . , kq be integers or +∞. Assume that f
satisfies the condition (Cρ). Let k be the largest integer number not exceeding
q − 2N − 2
2
and let l be the smallest integer number not less than
2N − 2
k + 2
+2 if k > 0 or let l = 2N+1
if k = 0. Then ♯F(f, {Hi, ki}qi=1, 1) 6 2 if
q > 2N − n+ 1 +
q∑
i=1
n
ki + 1
+ ρ
(
n(2N − n+ 1) + 4(q − n)n
n− 1
)
+max
{
3nq
2
(
3n+ 1 + n−1
l
) , 4q + 3nq − 14
4q + 3n− 14 ,
3nq2
6nq + (n− 2)(q − 2) + 4q − 6n− 8
}
.
Remark 1. It is easy to see that
3nq
2
(
3n+ 1 + n−1
l
) < 3nq
6n+ 2
<
3nq
6n+ 1
,
and
3nq2
6nq + (n− 2)(q − 2) + 4q − 6n− 8 <
3nq2
6nq + q
=
3nq
6n+ 1
, ∀n ≥ 2.
We now show that
4q + 3nq − 14
4q + 3n− 14 <
3nq
6n+ 1
, ∀n ≥ 3.
Indeed, it suffices to prove that 12nq2 − 9n2q − 69nq − 4q + 84n + 14 > 0 for all n ≥ 3.
Since q ≥ 2n+2, we have 12nq2−9n2q−69nq−4q ≥ q(15n2−45n−4) > 0 for all n ≥ 4.
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For n = 3, we have 12nq2 − 9n2q − 69nq − 4q + 84n + 14 = 36q2 − 292q + 266 > 0 since
q ≥ 8.
Hence, when k1 = · · · = kq = +∞ and N = n, Theorem 1.1 is an extension of Theorem
B.
When q = 2n + 2, M = Cn and H1, . . . , Hq are in general position, by ρ = 0, N = n,
k = 0 and l = 2n+ 1, we obtain the following corollary from Theorem 1.1.
Corollary 1.2. Let f be a linearly nondegenerate meromorphic mapping of Cm into
P
n(C). Let H1, . . . , H2n+2 be 2n + 2 hyperplanes of P
n(C) in general position and let
k1, . . . , kn+2 be positive integers or +∞. Then ♯F(f, {Hi, ki}2n+2i=1 , 1) 6 2 provided
2n+2∑
i=1
1
ki + 1
< min
{
1
2n
,
n3 + 2n+ 3
n(7n2 + 5n+ 3)
}
.
In particular, if n ≥ 4 then ♯F(f, {Hi, ki}2n+2i=1 , 1) 6 2 provided
2n+2∑
i=1
1
ki + 1
<
1
2n
.
Remark 2. Consider the quantities A = min
{
n+1
3n2+n
, 5n−9
24n+12
, n
2−1
10n2+8n
}
in Theorem A and
B = min
{
1
2n
, n
3+2n+3
n(7n2+5n+3)
}
in Corollary 1.2. We have the following estimates.
• For n ≥ 5, A = n+1
3n2+n
< 1
2n
= B.
• For n = 4, A = n2−1
10n2+8n
< 1
2n
= B.
• For n = 3, A = n2−1
10n2+8n
< n
3+2n+3
n(7n2+5n+3)
= B.
• For n = 2, A = 5n−9
24n+12
< n
3+2n+3
n(7n2+5n+3)
= B.
In all the cases, always A < B. Therefore, Corollary 1.2 is a nice improvement of
Theorem A.
In order to prove our results, we first give an new estimate of the counting function
of the Cartans auxiliary function (see Lemma 2.8). We second improve the algebraically
dependent theorem of three meromorphic mappings (see Lemma 3.3). After that we use
arguments similar to those used by Quang [19] to finish the proofs.
2. Basic notions and auxiliary results from Nevanlinna theory
We will recall some basic notions in Nevanlinna theory due to [13, 21].
2.1. Counting function. We set ||z|| = (|z1|2+ · · ·+ |zn|2)1/2 for z = (z1, . . . , zn) ∈ Cm
and define
B(r) := {z ∈ Cm : ||z|| < r}, S(r) := {z ∈ Cm : ||z|| = r} (0 < r 6∞),
where B(∞) = Cm and S(∞) = ∅.
Define
vm−1(z) :=
(
ddc||z||2)m−1 and
σm(z) := d
clog||z||2 ∧ (ddclog||z||2)m−1on Cm \ {0}.
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A divisor E on a ball B(R0) is given by a formal sum E =
∑
µνXν , where {Xν}
is a locally family of distinct irreducible analytic hypersurfaces in B(R0) and µν ∈ Z.
We define the support of the divisor E by setting Supp (E) = ∪µν 6=0Xν . Sometimes,
we identify the divisor E with a function E(z) from B(R0) into Z defined by E(z) :=∑
Xν∋z
µν .
Let M, k be positive integers or +∞. We define the truncated divisor E[M ] by
E[M ] :=
∑
ν
min{µν ,M}Xν ,
and the truncated counting function to level M of E by
N [M ](r, r0;E) :=
r∫
r0
n[M ](t, E)
t2m−1
dt (r0 < r < R0),
where
n[M ](t, E) :=


∫
Supp (E)∩B(t)
E[M ]vm−1 if m > 2,∑
|z|6tE
[M ](z) if m = 1.
We omit the character [M ] if M = +∞.
Let ϕ be a non-zero meromorphic function on B(R0). We denote by ν
0
ϕ (resp. ν
∞
ϕ ) the
divisor of zeros (resp. divisor of poles ) of ϕ. The divisor of ϕ is defined by
νϕ = ν
0
ϕ − ν∞ϕ .
For a positive integer M or M =∞, we define the truncated divisors of νϕ by
ν[M ]ϕ (z) = min {M, νϕ(z)}, ν [M ]ϕ,6k(z) :=
{
ν
[M ]
ϕ (z) if ν
[M ]
ϕ (z) 6 k,
0 if ν
[M ]
ϕ (z) > k.
For convenience, we will writeNϕ(r, r0) andN
[M ]
ϕ,6k(r, r0) forN(r, r0; ν
0
ϕ) andN
[M ](r, r0; ν
0
ϕ,6k)
respectively.
2.2. Characteristic function. Let f : B(R0) −→ Pn(C) be a meromorphic mapping.
Fix a homogeneous coordinates system (w0 : · · · : wn) on Pn(C). We take a reduced
representation f = (f0 : · · · : fn), which means fi (0 6 i 6 n) are holomorphic functions
and f(z) =
(
f0(z) : · · · : fn(z)
)
outside the analytic subset {f0 = · · · = fn = 0} of
codimension at least two. Set ‖f‖ = (|f0|2+· · ·+|fn|2)1/2. LetH be a hyperplane in Pn(C)
defined by H = {(ω0, . . . , ωn) : a0ω0 + · · ·+ anωn = 0}. We set H(f) = a0f0 + · · ·+ anfn
and ‖H‖ = (|a0|2 + · · ·+ |an|2)1/2.
The characteristic function of f (with respect to Fubini Study form Ω) is defined by
Tf(r, r0) :=
∫ r
t=r0
dt
t2m−1
∫
B(t)
f ∗Ω ∧ vm−1, 0 < r0 < r < R0.
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By Jensen’s formula we have
Tf(r, r0) =
∫
S(r)
log ||f ||σm −
∫
S(r0)
log ||f ||σm, 0 < r0 < r < R0.
Through this paper, we assume that the numbers r0 and R0 are fixed with 0 < r0 < R0.
By notation “|| P”, we mean that the asseartion P hold for all r ∈ [r0, R0] outside a set
E such that
∫
E
dr <∞ in case R0 =∞ and
∫
E
1
R0 − rdr <∞ in case R0 <∞.
2.3. Functions of small intergration. We recall some definitions due to Quang [19].
Let f 1, . . . , fk be k meromorphic mappings from the complete Ka¨hler manifold B(1)
into Pm(C), which satisfies the condition (Cρ) for a non-negative number ρ. For each
1 6 u 6 k, we fix a reduced representation fu = (fu0 : · · · : fun ) of fu.
A non-negative plurisubharmonic function g on B(1) is said to be of small intergration
with respective to f 1, . . . , fk at level l0 if there exists an element α = (α1, . . . , αm) ∈ Nm
with |α| 6 l0, a positive number K, such that for every 0 6 tl0 < p < 1 then∫
S(r)
|zαg|tσm 6 K
(
R2m−1R− r∑ m
u=1
Tfu(r, r0)
)p
for all r with 0 < r0 < r < R < 1, where z
α = zα11 · · · zαmm .
We denote by S(l0; f
1, . . . , fk) the set of all non-negative plurisubharmonic functions
on B(1) which are of small intergration with respective to f 1, . . . , fk at level l0. We see
that, if g ∈ S(l0; f 1, . . . , fk) then g ∈ S(l; f 1, . . . , fk) for all l > l0. Moreover, if g is a
constant function then g ∈ S(0; f 1, . . . , fk).
By [19, Proposition 3.2], if gi ∈ S(li; f 1, . . . , fk), then g1 · · · gs ∈ S(
∑s
i=1 li; f
1, . . . , fk).
A meromorphic function h on B(1) is said to be of bounded intergration with bi-degree
(p, l0) for the family {f 1, . . . , fk} if there exists g ∈ S(l0; f 1, . . . , fk) satisfying
|h| 6 ||f 1||p · · · ||fu||p · g,
outside a proper analytic subset of B(1).
We denote by B(p, l0; f
1, . . . , fk) the set of all meromorphic functions on B(1) which
are of bounded intergration of bi-degree p, l0 for {l0; f 1, . . . , fk}. We have the following
assertions:
• For a meromorphic mapping h, |h| ∈ S(l0; f 1, . . . , fk) iff h ∈ B(0, l0; f 1, . . . , fk).
• B(p, l0; f 1, . . . , fk) ⊂ B(p, l; f 1, . . . , fk) for all 0 6 l0 < l.
• If hi ∈ B(pi, li; f 1, . . . , fk) then h1 · · ·hs ∈ B(
∑s
i=1 pi,
∑s
i=1 li; f
1, . . . , fk).
2.4. Some Lemmas and Propositions.
Lemma 2.1. [6, Lemma 3.4] If Φα(F,G,H) = 0 and Φα
(
1
F
, 1
G
, 1
H
)
= 0 for all α with
|α| 6 1, then one of the following assertions holds:
(i) F = G,G = H or H = F .
(ii) F
G
, G
H
and H
F
are all constants.
Proposition 2.2 (see [11, 12]). Let H1, . . . , Hq (q > 2N −n+1) be hyperplanes in Pn(C)
located in N-subgeneral position. Then there exists a function ω : {1, . . . , q} → (0, 1]
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called a Nochka weight and a real number ω˜ > 1 called a Nochka constant satisfying the
following conditions:
(i) If j ∈ {1, . . . , q}, then 0 < ωjω˜ 6 1.
(ii) q − 2N + n− 1 = ω˜(∑qj=1 ωj − n− 1).
(iii) For R ⊂ {1, . . . , q} with |R| = N + 1, then ∑i∈R ωi 6 n+ 1.
(iv) N
n
6 ω˜ 6 2N−n+1
n+1
.
(v) Given real numbers λ1, . . . , λq with λj > 1 for 1 6 j 6 q and given any R ⊂
{1, . . . , q} and |R| = N +1, there exists a subset R1 ⊂ R such that |R1| = rank{Hi}i∈R1 =
n+ 1 and ∏
j∈R
λ
ωj
j 6
∏
i∈R1
λi.
Proposition 2.3 (see [21], Lemma 3.2). Let {Hi}qi=1 (q > n+ 1) be a set of hyperplanes
of Pn(C) satisfying ∩qi=1Hi = ∅ and let f : B(R0) −→ Pn(C) be a meromorphic mapping.
Then there exist positive constants α and β such that
α‖f‖ 6 max
i∈{1,...,q}
|Hi(f)| 6 β‖f‖.
Proposition 2.4 (see [4], Proposition 4.5). Let F1, . . . , Fn+1 be meromorphic functions
on B(R0) ⊂ Cm such that they are linearly independent over C. Then there exists an
admissible set {αi = (αi1, . . . , αim)}n+1i=1 with αij ≥ 0 being integers, |αi| =
∑m
j=1 |αij| 6 i
for 1 6 i 6 n+1 such that the generalized Wronskian Wα1,...,αn+1(F1, . . . , Fn+1) 6≡ 0 where
Wα1,...,αn+1(F1, . . . , Fn+1) = det (DαiFj)16i,j6n+1 .
Let L1, . . . , Ln+1 be linear forms of n + 1 variables and assume that they are linearly
independent. Let F = (F1 : · · · : Fn+1) : B(R0)→ Pn(C) be a meromorphic mapping and
(α1, . . . , αn+1) be an admissible set of F . Then we have following proposition.
Proposition 2.5 (see [13], Proposition 3.3). In the above situation, set l0 = |α1|+ · · ·+
|αn+1| and take t, p with 0 < tl0 < p < 1. Then, for 0 < r0 < R0 there exists a positive
constant K such that for r0 < r < R < R0,∫
S(r)
∣∣∣∣zα1+···+αn+1Wα1,...,αn+1(F1, . . . , Fn+1)L1(F ) · · ·Ln+1(F )
∣∣∣∣t σm 6 K
(
R2m−1
R− r TF (R, r0)
)p
,
where zα = zα11 · · · zαmm for z = (z1, . . . , zm) and α = (α1, . . . , αm).
For convenience of presentation, for meromorphic mappings fu : B(R) → Pn(C) and
hyperplanes {Hi}qi=1 of Pn(C), we denote by S the closure of
∪16u63I(fu) ∪ ∪16i<j6q{z : ν(f,Hi),6ki(z) · ν(f,Hj),6kj (z) > 0}.
We see that S is an analysis subset of codimension two of B(R).
Lemma 2.6. [22, Lemma 2.6] Let f 1, f 2, f 3 be three mappings in F(f, {Hi, ki}qi=1, 1).
Suppose that there exist s, t, l ∈ {1, . . . , q} such that
P := Det

 (f 1, Hs) (f 1, Ht) (f 1, Hl)(f 2, Hs) (f 2, Ht) (f 2, Hl)
(f 3, Hs) (f
3, Ht) (f
3, Hl)

 6≡ 0.
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Then we have
νP (z) ≥
∑
i=s,t,l
( min
16u63
{ν(fu,Hi),6ki(z)} − ν[1](f1,Hi),6ki(z)) + 2
q∑
i=1
ν
[1]
(f1,Hi),6ki
(z), ∀z 6∈ S.
Lemma 2.7. [22, Lemma 2.7] Let f be a linearly nondegenerate meromorphic mapping
from B(R0) into P
n(C) and let H1, H2, . . . , Hq be q hyperplanes of P
n(C) in N-subgeneral
position. Set l0 = |α0|+ · · ·+ |αn| and take t, p with 0 < tl0 < p < 1. Let ω(j) be Nochka
weights with respect to Hj, 1 6 j 6 q and let kj (j = 1, . . . , q) be positive integers not less
than n. For each j, we put ωˆ(j) := ω(j)
(
1 − n
kj+1
). Then, for 0 < r0 < R0 there exists a
positive constant K such that for r0 < r < R < R0,∫
S(r)
∣∣∣∣zα0+···+αn Wα0...αn(f)(f,H1)ωˆ(1) · · · (f,Hq)ωˆ(q)
∣∣∣∣t (‖f‖∑qj=1 ωˆ(j)−n−1)tσm 6 K(R2m−1R − r Tf(R, r0))p,
In fact, Lemma 2.7 is another version of Lemma 8 in [10], in which ω(j) is replaced by
ωˆ(j).
Lemma 2.8. Let M , f and H1, H2, . . . , Hq be as in Theorem 1.1. Let P be a holomorphic
function on M and β be a positive real number such that P β ∈ B(α, l0; f 1, f 2, f 3) and
3∑
u=1
q∑
i=1
ν
[n]
Hi(fu),6ki
6 βνP ,
where f 1, f 2, f 3 ∈ F(f, {Hj, kj}qj=1, 1). Then
q 6 2N − n+ 1 +
q∑
i=1
n
ki + 1
+ ρ
(
n(2N − n + 1) + 2
3
l0
)
+ α.
Proof. Let Fu = (f
u
0 : · · · : fun ) be a reduced representation of fu (1 6 u 6 3). By routine
arguments in the Nevanlinna theory and using Proposition 2.2 (i), we have
q∑
i=1
ωiνHi(fu)(z)− νWαu,0···αu,n(Fu)(z)
6
q∑
i=1
ωimin{n, νHi(fu)(z)}
=
q∑
i=1
ωimin{n, νHi(fu),6ki(z)}+
q∑
i=1
ωimin{n, νHi(fu),>ki(z)}
6
q∑
i=1
1
ω˜
ν
[n]
Hi(fu),6ki
(z) +
q∑
i=1
ωi
n
ki + 1
νHi(fu)(z).
Hence, it is easy to see from the assumption that
q∑
i=1
ωˆi(νHi(f1) + νHi(f2) + νHi(f3))− (νWα1 (F1) + νWα2 (F2) + νWα3 (F3)) 6
β
ω˜
νP ,(2.9)
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where ωˆi := ωi
(
1− n
ki + 1
)
for all 1 6 i 6 q.
Since the universal covering of M is biholomorphic to B(R0), 0 < R0 6∞, by using the
universal covering if necessary, we may assume that M = B(R0) ⊂ Cm. We consider the
following cases.
• First case: R0 =∞ or lim supr→R0
Tf1(r, r0) + Tf2(r, r0) + Tf3(r, r0)
log(1/(R0 − r)) =∞.
Integrating both sides of inequality (2.9), we get
(2.10)
βNP (r) > ω˜
3∑
u=1
(
q∑
i=1
ωiNHi(fu)(r, r0)−NWα(Fu)(r, r0))−
3∑
u=1
q∑
i=1
ω˜ωin
ki + 1
(Tfu(r, r0) +O(1).
Applying Lemma 2.7 to ωi (1 6 i 6 q), we have∫
S(r)
∣∣∣∣zα0+···+αn Wα0...αn(Fu)Hω11 (fu)(z) · · ·Hωqq (fu)(z)
∣∣∣∣tu (‖fu‖∑qi=1 ωi−n−1)tu σm 6 K(R2m−1R− r Tfu(R, r0))pu.
By the concativity of the logarithmic function, we obtain∫
S(r)
log |zα0+···+αn |σm + (
q∑
i=1
ωi − n− 1)
∫
S(r)
log ||fu||σm +
∫
S(r)
log |Wα0...αn(Fu)|σm
−
q∑
i=1
ωi
∫
S(r)
log |Hi(fu)|σm 6 puK
tu
(
log+
1
R0 − r + log
+ Tfu(r, r0)
)
.
By the definition of the characteristic function and the counting function, we get the
following estimate
|| (
q∑
i=1
ωi − n− 1)Tfu(r, r0) 6
q∑
i=1
ωiNHi(fu)(r, r0)−NWα1...αnFu)(r)
+K1
(
log+
1
R0 − r + log
+ Tfu(r, r0)
)
.
Using Proposition 2.2 (ii), we get
|| (q − 2N + n− 1)Tfu(r, r0) 6 ω˜
(
q∑
i=1
ωiNHi(fu)(r, r0)−NWα0...αn(Fu)(r, r0)
)
+ ω˜K1
(
log+
1
R0 − r + log
+ Tfu(r, r0)
Combining these inequalities with (2.10) and noticing that ω˜ωi 6 1, we get
(2.11) || βNP (r) > (q − 2N + n− 1)T (r, r0)−
q∑
i=1
n
ki + 1
T (r, r0) +O(1),
where T (r, r0) := Tf(r, r0) + Tg(r, r0).
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Since the assumption P β ∈ B(α, l0; f 1, f 2, f 3), there exists g ∈ S(l0; f 1, f 2, f 3) satisfying
|P |β 6 ||f 1||α · ||f 2||α · ||f 3||α · g,
outside a proper analytic subset of B(1). Hence, by Jensen’s formula and the definition
of the characteristic function, we have the following estimate
(2.12)
|| βNP (r) =
∫
S(r)
log |P |βσn +O(1)
6
∫
S(r)
(α
3∑
u=1
log ||fu||+ log ||g||)σn +O(1)
=αTf (r, r0) + o(T (r, r0)).
Together (2.11) with (2.12), we obtain
(q − 2N + n− 1)T (r, r0)−
q∑
i=1
n
ki + 1
T (r, r0) 6 αT (r, r0) + o(T (r, r0))
for every r outside a Borel finite measure set. Letting r →∞, we deduce that
q − 2N + n− 1−
q∑
i=1
n
ki + 1
6 ρ
(
n(2N − n+ 1) + 2
3
l0
)
+ α
with ρ = 0.
• Second Case: R0 <∞ and lim supr→R0
Tf1(r, r0) + Tf2(r, r0) + Tf3(r, r0)
log(1/(R0 − r)) <∞.
It suffices to prove the lemma in the case where B(R0) = B(1).
Suppose that
q > 2N − n+ 1 +
q∑
i=1
n
ki + 1
+ ρ
(
n(2N − n+ 1) + 2
3
l0
)
+ α.
Then, we have
q > 2N − n+ 1 +
q∑
i=1
ω˜ωi
n
ki + 1
+ ρ
(
n(2N − n + 1) + 2
3
l0
)
+ α.
It follows from Proposition 2.2 ii), iv) that
q∑
i=1
ωi
(
1− n
ki + 1
)− (n+ 1)− α
ω˜
> ρ
(n(2N − n+ 1)
ω˜
+
2
3
l0
ω˜
)
> ρ
(
n(n + 1) +
2
3
l0
ω˜
)
.
Put
t =
2ρ
3
q∑
i=1
ωˆi − (n + 1)− α
ω˜
.
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It implies that
(2.13)
(3n(n + 1)
2
+
l0
ω˜
)
t < 1.
Put ψu = z
αu,0+···+αu,n
Wαu,0···αu,n(Fu)
H ωˆ11 (f
u) · · ·H ωˆqq (fu)
(1 6 u 6 3). It follows from (2.9) that
ψt1ψ
t
2ψ
t
3P
tβ
ω˜ is holomorphic. Hence a = log |ψt1ψt2ψt3P
tβ
ω˜ | is plurisubharmonic on B(1).
We now write the given Ka¨hler metric form as
ω =
√−1
2π
∑
i,j
hij¯dzi ∧ dz¯j.
From the assumption that f 1, f 2 and f 3 satisfy condition (Cρ), there are continuous
plurisubharmonic functions a′u on B(1) such that
ea
′
udet(hij¯)
1
2 6 ‖fu‖ρ, u = 1, 2, 3.
Put au =
2
3
a′u, u = 1, 2, 3 and we get
eaudet(hij¯)
1
3 6 ‖fu‖ 2ρ3 .
Therefore, by the definition of t, we get
ea+a1+a2+a3det(hij¯) 6 e
a‖f 1‖ 2ρ3 ‖f 2‖ 2ρ3 ‖f 3‖ 2ρ3
= |ψ1|t|ψ2|t|ψ3|t|P |
tβ
ω˜ ‖f 1‖ 2ρ3 ‖f 2‖ 2ρ3 ‖f 3‖ 2ρ3
6 |ψ1|t|ψ2|t|ψ3|t
(‖f 1‖‖f 2‖‖f 3|) tαω˜ ‖f 1‖ 2ρ3 ‖f 2‖ 2ρ3 ‖f 3‖ 2ρ3 · |g| tω˜
= |ψ1|t|ψ2|t|ψ3|t
(‖f 1‖‖f 2‖‖f 3‖)t(αω˜+ 2ρ3t ) · |g| tω˜
= |ψ1|t|ψ2|t|ψ3|t
(‖f 1‖‖f 2‖‖f 3‖)t(∑qi=1 ωˆi−n−1) · |g| tω˜ .
Note that the volume form on B(1) is given by
dV := cmdet(hij¯)vm;
therefore, ∫
B(1)
ea+a1+a2+a3dV 6 C
∫
B(1)
3∏
u=1
(|ψu|‖fu‖∑qi=1 ωˆi−n−1)t · |g| tω˜ vm,
with some positive constant C.
Setting x =
l0/ω˜
3n(n + 1)/2 + l0/ω˜
, y =
n(n + 1)/2
3n(n+ 1)/2 + l0/ω˜
, then x + 3y = 1. Thus, by
the Ho¨lder inequality and by noticing that
vm = (dd
c‖z‖2)m = 2m‖z‖2m−1σm ∧ d‖z‖,
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we obtain
∫
B(1)
ea+a1+a2+a3dV 6 C
3∏
u=1

 ∫
B(1)
(|ψu|‖fu‖∑qi=1 ωˆi−n−1) ty vm


y ∫
B(1)
|zβg| txω˜ vm


x
6 C
3∏
u=1
(
2m
1∫
0
r2m−1
( ∫
S(r)
(|ψu|‖fu‖∑qi=1 ωˆi−n−1) tyσm)dr)y
× (2m 1∫
0
r2m−1
( ∫
S(r)
|zβg| txω˜σm
)
dr
)x
.
We see from (2.13) that
l0t
ω˜x
=
(3n(n+ 1)
2
+
l0
ω˜
)
t < 1 and
n∑
s=0
|αu,s| t
y
6
n(n + 1)
2
t
y
=
(3n(n + 1)
2
+
l0
ω˜
)
t < 1.
Then, we can choose a positive number p such that
l0t
ω˜x
< p < 1 and
n∑
s=0
|αu,s| t
y
< p < 1.
Applying Lemma 2.7 to ωˆi, and from the property of g, we get∫
S(r)
(|ψu|‖fu‖∑qi=1 ωˆi−n−1) tyσm 6 K1(R2m−1
R− r T
u
f (R, r0)
)p
and ∫
S(r)
|zβg| tω˜xσm 6 K
(
R2m−1
R− r Tg(R, r0)
)p
outside a subset E ⊂ [0, 1] such that
∫
E
1
1− rdr 6 +∞. Choosing R = r +
1− r
eTfu(r, r0)
,
we have
Tfu(R, r0) 6 2Tfu(r, r0),
Hence, the above inequality implies that∫
S(r)
(|ψu|‖fu‖∑qi=1 ωˆi−n−1) tyσm 6 K2
(1− r)p (Tfu(r, r0))
2p
6
K2
(1− r)p (log
1
1− r )
2p,
since lim
r→R0
sup
Tf1(r, r0) + Tf2(r, r0) + Tf2(r, r0)
log(1/(R0 − r)) <∞. It implies that
1∫
0
r2m−1

∫
S(r)
(|ψu|‖fu‖∑qi=1 ωˆi−n−1)σm

 dr 6 1∫
0
r2m−1
K2
(1− r)p
(
log
1
1− r
)2p
dr <∞.
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Similarly,
1∫
0
r2m−1

∫
S(r)
|zβg| tω˜xσm

 dr 6
1∫
0
r2m−1
K2
(1− r)p
(
log
1
1− r
)2p
dr <∞.
Hence, we conclude that
∫
B(1)
ea+a1+a2+a3dV <∞, which contradicts Yau’s result [23] and
Karp’s result [7]. The proof of Lemma 2.8 is complete. 
3. Proof of Theorem 1.1
Lemma 3.1 (see [22], Lemma 3.1). If q > 2N + 1 +
∑q
v=1
n
kv+1
+ ρn(2N − n + 1), then
every g ∈ F(f, {Hi, ki}qi=1, 1) is linearly nondegenerate.
Lemma 3.2 (see [10], Lemma 12). Let q, N be two integers satisfying q ≥ 2N +2, N ≥ 2
and q be even. Let {a1, a2, . . . , aq} be a family of vectors in a 3-dimensional vector space
such that rank{aj}j∈R = 2 for any subset R ⊂ Q = {1, . . . , q} with cardinality |R| = N+1.
Then there exists a partition
⋃q/2
j=1 Ij of {1, . . . , q} satisfying |Ij | = 2 and rank{ai}i∈Ij = 2
for all j = 1, . . . , q/2.
We need the following result which slightly improves [22, Theorem 1.3].
Lemma 3.3. Let k be the largest integer number not exceeding
q − 2N − 2
2
. If n > 2
then f 1 ∧ f 2 ∧ f 3 ≡ 0 for every f 1, f 2, f 3 ∈ (f, {Hi, ki}qi=1, 1) provided
q > 2N − n+ 1 +
q∑
i=1
n
ki + 1
+ ρn(2N − n+ 1) + 3nq
2
(
q + (n− 1) l+1
l
) ,
where l is the smallest integer number not less than
2N + 2 + 2k
k + 2
if k > 0 or l = 2N + 1
if k = 0.
Proof. We consider M3 as a vector space over the field M and denote Q = {1, . . . , q}.
For each i ∈ Q, we set
Vi =
(
(f 1, Hi), (f
2, Hi), (f
3, Hi)
) ∈M3.
By Lemma 3.1, f 1, f 2, f 3 are linearly nondegenerate. Suppose that f 1 ∧ f 2 ∧ f 3 6≡ 0.
Since the family of hyperplanes {H1, H2, . . . , Hq} are in N -subgeneral position, for each
subset R ⊂ Q with cardinality |R| = N + 1, there exist three indices l, t, s ∈ R such that
the vectors Vl, Vt and Vs are linearly independent. This means that
PI := det

 (f 1, Hl) (f 1, Ht) (f 1, Hs)(f 2, Hl) (f 2, Ht) (f 2, Hs)
(f 3, Hl) (f
3, Ht) (f
3, Hs)

 6≡ 0,
where I := {l, t, s}. We separate into the following cases.
• Case 1: q mod 2 = 0
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By the assumption, we have q = 2N + 2 + 2k (k ≥ 0). Applying Lemma 3.2, we
can find a partition {J1, . . . , Jq/2} of Q satisfying |Jj| = 2 and rank{Vv}v∈Jj = 2 for all
j = 1, 2, . . . , q/2. Take a fixed subset Sj = {j1, . . . , jk+2} ⊂ {1, . . . , q}. We claim that:
There exists a partition J j1 , . . . , J
j
N+1+k with k+2 indices r
j
1, . . . , r
j
k+2 ∈ {1, . . . , N+1+k}
satisfying rank{Vv, Vji}v∈Jj
r
j
i
= 3 for all 1 6 i 6 k + 2.
Indeed, consider N sets J1, . . . , JN and j1. Assume that rank{Vj1, Vt2 . . . , Vtu} = 1
where u is maximal. By the assumption, we have 1 6 u 6 N − 1. It follows that there
exist N − u pairs, for instance {Vv}v∈J1 , . . . , {Vv}v∈JN−u which do not contain Vj1 or Vti
with 2 6 i 6 u. Obviously, N − u ≥ 1. Without loss of generality, we can assume that
Vj1 ∈ {Vv}v∈JN .
If u = N − 1 then obviously, rank{Vv, Vj1}v∈J1 = 3 since ♯({Vj1, Vt2 , . . . , VtN−1} ∪
{Vv}v∈J1) = N + 1.
If u 6 N−2, there are at least two pairs vectors, which do not contain Vj1 or Vti with 2 6
i 6 u. Assume that Vj1 ∈ span{Vv}v∈Jr1 with some r1 ∈ {1, . . . , N−u}, there exists at least
one pair, for instance {Vv}v∈Jj0 with j0 ∈ {1, . . . , N−u} such that rank{Vv}v∈(Jr1∪Jj0 ) = 3.
Indeed, otherwise rank{Vv}v∈(∪N−ui=1 Ji)∪{j1,t2...,tu} = rank{Vv}v∈Jr1 = 2. This is impossi-
ble since {Vv}v∈(∪N−ui=1 Ji)∪{j1,t2...,tu} has at least N + 2 vectors. From sets {Vv}v∈Jr1 and{Vv}v∈Jj0 , we can rebuild two linearly independent pairs {Vi1 , Vi2} and {Vi3, Vi4} such
that rank{Vi1, Vi2 , Vj1} = 3, where {i1, i2, i3, i4} = Jr1 ∪ Jj0. We redenote by Jr1 = {i1, i2}
and Jj0 = {i3, i4}.
Therefore, we obtain a partition still denoted by J1, . . . , JN+1+k such that there exists
an index rj1 ∈ {1, . . . , N} satisfying rank{Vv, Vj1}v∈J
r
j
1
= 3.
Next, we consider N sets J1, . . . , Jrj1−1
, Jrj1+1
, . . . , JN+1 and j2. Repeating the above
argument, we get a partition still denoted by J1, . . . , Jq/2 such that there exists an index
rj2 ∈ {1, . . . , rj1 − 1, rj1 + 1, . . . , N + 1} satisfying rank{Vv, Vj2}v∈J
r
j
2
= 3. Of course, this
partition still satisfies rank{Vv, Vj1}v∈J
r
j
1
= 3.
Continue to the process, after k + 2 times, we will obtain a new partition denoted
by J j1 , . . . , J
j
N+1+k such that there exists k + 2 indices r
j
1, . . . , r
j
k+2 ∈ {1, . . . , N + 1 + k}
satisfying rank{Vv, Vji}v∈Jj
r
j
i
= 3 for all 1 6 i 6 k + 2. The claim is proved.
Put Ij
rji
= J j
rji
∪ {ji}, then PIj
r
j
i
6≡ 0 for all 1 6 i 6 k + 2.
For each remained index i ∈ {1, . . . , N + 1 + k} \ {rj1, . . . , rjk+2}, we choose a vector Vsi
such that rank{Vv}v∈Jj
i
∪{si}
= 3. Put Iji = J
j
i ∪ {si}, then PIj
i
6≡ 0 for all i.
• If k = 0 then l = 2N + 1 and q = 2N + 2. Put S1 = {1}, S2 = {2}, . . . , Sl−1 =
{2N}, Sl = {2N + 1, 2N + 2}.
• If k > 0 then q = (k + 2)(l − 1) + t with 0 < t 6 k + 2. Put S1 = {1, . . . , k + 2}, S2 =
{(k + 2) + 1, . . . , 2(k + 2)}, . . . , Sl−1 = {(k + 2)(l − 2) + 1, . . . , (k + 2)(l − 1)}, Sl =
{(k + 2)(l − 1) + 1, . . . , 2N + 2 + 2k}.
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Applying the claim to each set Sj (1 6 j 6 l), we get a partition J
j
1 , . . . , J
j
N+1+k with
sj = ♯Sj indices r
j
1, . . . , r
j
sj
∈ {1, . . . , N + 1 + k} satisfying rank{Vv, Vu}v∈Jj
r
j
i
,u∈Sj
= 3 for
all 1 6 i 6 sj .
We put
PQ =
l∏
j=1
N+1+k∏
i=1
PIji
,
where Iji is defined as in the above.
Since (min{a, b, c} − 1) ≥ min{a, n}+min{b, n} +min{c, n} − 2n− 1 for any positive
integers a, b, c, we have
min
16u63
{ν(fu,Hv),6kv(z)} − ν[1](fk ,Hv),6kv(z) ≥
3∑
u=1
ν
[n]
(fu,Hv),6kv
(z)− (2n + 1)ν [1]
(fk,Hv),6kv
(z),
for all z ∈ Supp ν(fk ,Hv),6kv .
Putting νv(z) =
∑3
u=1 ν
[n]
(fu,Hv),6kv
(z)− (2n+ 1)ν [1]
(fk ,Hv),6kv
(z) (1 6 k 6 3, v ∈ Q), from
Lemma 2.6, we have
νP
I
j
i
(z) ≥
∑
v∈Iji
νv(z) + 2
q∑
v=1
ν
[1]
(fk ,Hv),6kv
(z)
and
νP
I
j
i
(z) ≥
∑
v∈Jji
νv(z) + 2
q∑
v=1
ν
[1]
(fk ,Hv),6kv
(z).
Note that for k = 0 then l(q−2N−1)−(2N+1) = 0. For k > 0 then 2N+1 6 q
k+2
(2k+1) 6
l(2k + 1) = l(q − 2N − 1). Therefore, we always have l(q − 2N − 1)− (2N + 1) > 0. It
implies that l(q − 2n− 1)− (2n+ 1) > 0 since N ≥ n. Then, for all z 6∈ S, we obtain
νPQ(z) ≥ l
q∑
v=1
νv(z) +
q∑
v=1
νv(z) + lq
q∑
v=1
ν
[1]
(fk ,Hv),6kv
(z)
= (l + 1)
q∑
v=1
(
3∑
u=1
ν
[n]
(fu,Hv),6kv
(z)− (2n+ 1)ν[1]
(fk ,Hv),6kv
(z)) + lq
q∑
v=1
ν
[1]
(fk ,Hv),6kv
(z)
= (l + 1)
q∑
v=1
3∑
u=1
ν
[n]
(fu,Hv),6kv
(z) +
(
l(q − 2n− 1)− (2n+ 1)) q∑
v=1
ν
[1]
(fk ,Hv),6kv
(z)
≥
(
l + 1 +
l(q − 2n− 1)− (2n+ 1)
3n
) q∑
v=1
3∑
u=1
ν
[n]
(fu,Hv),6kv
(z)
≥ l(q + n− 1) + n− 1
3n
q∑
v=1
3∑
u=1
ν
[n]
(fu,Hv),6kv
(z).
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We put P := PQ. The above inequality implies that
q∑
v=1
3∑
u=1
ν
[n]
(fu,Hv),6kv
(z) 6
3n
l(q + n− 1) + n− 1νP (z), ∀z 6∈ S.
Define β :=
3n
l(q + n− 1) + n− 1 and γ :=
lq
2
.
• Case 2: q mod 2 = 1.
By the assumption, we have q − 1 = 2N + 2 + 2k. We consider any subset R =
{j1, . . . , jq−1} of {1, . . . , q}. By the same argument as in Case 1 for R, we get
νPR(z) ≥ (l + 1)
q−1∑
v=1
νjv(z) + l(q − 1)
q∑
v=1
ν
[1]
(fk ,Hv),6kv
(z), ∀z 6∈ S.
We now define P :=
∏
|R|=q−1 PR, so we obtain
νP (z) =
∑
|R|=q−1
νPR
≥ (q − 1)(l + 1)
q∑
v=1
νv(z) + ql(q − 1)
q∑
v=1
ν
[1]
(fk ,Hv),6kv
(z)
≥ (q − 1) l(q + n− 1) + n− 1
3n
q∑
v=1
3∑
u=1
ν
[n]
(fu,Hv),6kv
(z).
Hence, we have
q∑
v=1
3∑
u=1
ν
[n]
(fu,Hv),6kv
(z) 6
3n
(l(q + n− 1) + n− 1)(q − 1)νP (z), ∀z 6∈ S.
Define β :=
3n(
l(q + n− 1) + n− 1)(q − 1) and γ := (q − 1)lq2 . Then, from all the above
cases, we always get
α := βγ =
3nlq
2(l(q + n− 1) + n− 1) =
3nq
2
(
q + (n− 1) l+1
l
) ,
and
3∑
u=1
q∑
v=1
ν
[n]
(fu,Hv),6kv
(z) 6 βνP (z), ∀z 6∈ S.
It is easy to see that |P |β 6 C(‖f 1‖‖f 2‖‖f 3‖)βγ = C(‖f 1‖‖f 2‖‖f 3‖)α, where C is some
positive constant. This means that P β ∈ B(α, 0; f 1, f 2, f 3). Applying Lemma 2.8, we
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obtain
q 6 2N − n+ 1 +
q∑
j=1
n
kj + 1
+ ρn(2N − n+ 1) + α
= 2N − n + 1 +
q∑
j=1
n
kj + 1
+ ρn(2N − n+ 1) + 3nq
2
(
q + (n− 1) l+1
l
) ,
which contradicts the assumption. Therefore, f 1∧f 2∧f 3 ≡ 0 onM . The proof of Lemma
3.3 is complete. 
By basing on the proofs of Quang [18, Lemma 3.3, 3.4, 3.5, 3.6] or [19, Lemma 4.4,
4.5, 4.6, 4.8], we obtain the following Lemmas which are necessary for the proof of our
theorem.
The first, for three mappings f 1, f 2, f 3 ∈ F(f, {Hi, ki}qi=1, 1), we define
•F ijk = (f
k ,Hi)
(fk ,Hi)
, 0 6 k 6 2, 1 6 i, j 6 q,
•Vi = ((f 1, Hi), (f 2, Hi), (f 3, Hi)) ∈M3m,
•νi : the divisor whose support is the closure of the set {z : ν(fu,Hi),6ki(z) > ν(fv ,Hi),6ki(z) =
ν(f t,Hi),6ki(z) for a permutation (u, v, t) of (1, 2, 3)}.
We write Vi ∼= Vj if Vi ∧ Vj ≡ 0, otherwise we write Vi 6∼= Vj. For Vi 6∼= Vj, we write
Vi ∼ Vj if there exist 1 6 u < v 6 3 such that F iju = F ijv , otherwise we write Vi 6∼ Vj.
Lemma 3.4. [18, Lemma 3.3] or [19, Lemma 4.4] With the assumption of Theorem 1.1,
let h and g be two elements of the family F(f, {Hi, ki}qi=1, 1). If there exists a constant λ
and two indices i, j such that (h,Hi)
(h,Hj)
= λ (g,Hi)
(g,Hj)
, then λ = 1.
Lemma 3.5. [18, Lemma 3.4] or [19, Lemma 4.5] Let f 1, f 2, f 3 be three elements of
F(f, {Hi, ki}qi=1, 1). Suppose that f 1 ∧ f 2 ∧ f 3 ≡ 0 and Vi ∼ Vj for some distinct indices
i and j. Then f 1, f 2, f 3 are not distinct.
Lemma 3.6. [18, Lemma 3.5] or [19, Lemma 4.6] With the assumption of Theorem 1.1,
let f 1, f 2, f 3 be three maps in F(f, {Hi, ki}qi=1, 1). Suppose that f 1, f 2, f 3 are distinct and
there are two indices i, j ∈ {1, 2, . . . , q} (i 6= j) such that Vi 6∼= Vj and
Φαij := Φ
α(F ij1 , F
ij
2 , F
ij
3 ) ≡ 0
for every α = (α1, . . . , αm) ∈ Zm+ with |α| = 1. Then for every t ∈ {1, . . . , q} \ {i}, the
following assertions hold:
(i) Φαit ≡ 0 for all |α| 6 1,
(ii) if Vi 6∼= Vt, then F ti1 , F ti2 , F ti3 are distinct and there exists a meromorphic function
hit ∈ B(0, 1; f 1, f 2, f 3) such that
νhti ≥ −ν [1](f,Hi),6ki − ν
[1]
(f,Ht),6kt
+
∑
j 6=i,t
ν
[1]
(f,Hj),6kj
.
Lemma 3.7. [18, Lemma 3.6] or [19, Lemma 4.8] With the assumption of Theorem
1.1, let f 1, f 2, f 3 be three maps in F(f, {Hi, ki}qi=1, 1). Assume that there exist i, j ∈
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{1, 2, . . . , q} (i 6= j) and α ∈ Zm+ with |α| = 1 such that Φαij 6≡ 0. Then there exists a
holomorphic function gij ∈ B(1, 1; f 1, f 2, f 3) such that
νgij ≥
3∑
u=1
ν
[n]
(fu,Hi),6ki
+
3∑
u=1
ν
[n]
(fu,Hj),6kj
+ 2
∑
t=1,t6=i,j
ν
[1]
(f,Ht),6kt
− (2n + 1)ν [1](f,Hi),6ki
− (n + 1)ν[1](f,Hj),6kj + νj.
We now prove Theorem 1.1.
Suppose that there exist three distinct meromorphic mappings f 1, f 2, f 3 belonging to
F(f, {Hi, ki}qi=1, 1). By Lemma 3.3, we get f 1 ∧ f 2 ∧ f 3 ≡ 0. We may assume that
V1 ∼= · · · ∼= Vl1︸ ︷︷ ︸
group 1
6∼= Vl1+1 ∼= · · · ∼= Vl2︸ ︷︷ ︸
group 2
6∼= Vl2+1 ∼= · · · ∼= Vl3︸ ︷︷ ︸
group 3
6∼= · · · 6∼= Vls−1+1 ∼= · · · ∼= Vls︸ ︷︷ ︸
group s
,
where ls = q.
Denote by P the set of all i ∈ {1, . . . , q} satisfying that there exists j ∈ {1, . . . , q} \ {i}
such that Vi 6∼= Vj and Φαij ≡ 0 for all α ∈ Zm+ with |α| 6 1. We separate into three cases.
• Case 1: ♯P ≥ 2. It follows that P contains two elements i, j. We get Φαij = Φαji = 0 for
all α ∈ Zm+ with |α| 6 1. By Lemma 2.1, there exist two functions, for instance F ij1 and
F ij2 , and a constant λ such that F
ij
1 = λF
ij
2 . Applying Lemma 3.4, we have F
ij
1 = F
ij
2 .
Hence, since Lemma 3.6 (ii), we can see that Vi ∼= Vj , i.e., Vi and Vj belong to the same
group in the partition. We may assume that i = 1 and j = 2. Since our assumption
f 1, f 2, f 3 are distinct, the number of each group in the partition is less than N +1. Thus,
we get V1 ∼= V2 6∼= Vt for all t ∈ {N + 1, . . . , q}. By Lemma 3.6 (ii), we obtain
νh1t ≥ −ν [1](f,H1),6k1 − ν
[1]
(f,Ht),6kt
+
∑
s 6=1,t
ν
[1]
(f,Hs),6ks
,
and
νh2t ≥ −ν [1](f,H2),6k2 − ν
[1]
(f,Ht),6kt
+
∑
s 6=2,t
ν
[1]
(f,Hs),6ks
.
By summing up both sides of the above two inequalities, we have
νh1t + νh2t ≥ −2ν [1](f,Ht)6kt +
∑
s 6=1,2,t
ν
[1]
(f,Hs),6ks
.
Summing up both sides of the above inequalities over all t ∈ {N + 1, . . . , q}, we obtain
q∑
t=N+1
(νh1t + νh2t) ≥ (q −N)
N∑
t=3
ν
[1]
(f,Ht)6kt
+ (q −N − 3)
q∑
t=N+1
ν
[1]
(f,Ht)6kt
≥ (q −N − 3)
q∑
t=3
ν
[1]
(f,Ht)6kt
≥ q −N − 3
3n
3∑
u=1
q∑
t=3
ν
[n]
(f,Ht)6kt
.
Hence, we get
3∑
u=1
q∑
t=3
ν
[n]
(f,Ht)6kt
6
3n
q −N − 3ν
∏q
t=N+1
(h1th2t).
FINITENESS OF MEROMORPHIC MAPPINGS FROM KA¨HLER MANIFOLD 19
Since (
∏q
t=N+1(h1th2t))
3n
q−N−3 ∈ B(0, 2(q − N) 3n
q−N−3
; f 1, f 2, f 3), applying Lemma 2.8, we
obtain
q − 2 6 2N − n+ 1 +
q∑
i=1
n
ki + 1
+ ρ
(
n(2N − n+ 1) + 4(q −N) n
q −N − 3
)
.
From the definition of l and the condition of q, it is easy to see that l ≥ 3. It is easy to
see that
2 6
3nq
2
(
q + n− 1 + n−1
3
) 6 3nq
2
(
q + n− 1 + n−1
l
) ,
and
4(q −N) n
q −N − 3 6
4(q − n)n
n− 1 .
These inequalities imply that
q 6 2N − n + 1 +
q∑
i=1
n
ki + 1
+ ρ
(
n(2N − n + 1) + 4(q − n)n
n− 1
)
+
3nq
2
(
q + n− 1 + n−1
l
) ,
which is a contradiction.
• Case 2: ♯P = 1. We assume that P = {1}. It is easy to see that V1 6∼= Vi for all
i = 2, . . . , q. By Lemma 3.6 (ii), we obtain
νh1i ≥ −ν [1](f,H1)6k1 − ν
[1]
(f,Hi)6ki
+
∑
s 6=1,t
ν
[1]
(f,Hs)6ks
.
Summing up both sides of the above inequalities over all i = 2, . . . , q, we have
(3.8)
q∑
i=2
νh1i ≥ (q − 3)
q∑
i=2
ν
[1]
(f,Hi)6ki
− (q − 1)ν[1](f,H1)6k1.
Obviously, i 6∈ P for all i = 2, . . . , q. Now put
σ(i) =
{
i+N, if i+N 6 q
i−N − q + 1, if i+N > q,
then i and σ(i) belong to distinct groups, i.e., Vi 6∼= Vσ(i) for all i = 2, . . . , q and hence
Φαiσ(i) 6≡ 0 for some α ∈ Zm+ with |α| 6 1. By Lemma 3.7, we get
νgiσ(i) ≥
3∑
u=1
∑
t=i,σ(i)
ν
[n]
(fu,Ht)6kt
− (2n+ 1)ν [1](f,Hi)6ki − (n+ 1)ν
[1]
(f,Hσ(i))6kσ(i)
+ 2
∑
t=1,t6=i,σ(i)
ν
[1]
(f,Ht)6kt
.
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Summing up both sides of this inequality over all i ∈ {2, . . . , q} and using (3.8), we obtain
q∑
i=2
νgiσ(i) ≥ 2
q∑
i=2
3∑
u=1
ν
[n]
(fu,Hi),6ki
+ (2q − 3n− 8)
q∑
i=2
ν
[1]
(f,Hi),6ki
) + 2(q − 1)ν [1](f,H1),6k1
≥ 2
q∑
i=2
3∑
u=1
ν
[n]
(fu,Hi),6ki
+
4q − 3n− 14
3
3∑
u=1
q∑
i=2
ν
[1]
(fu,Hi),6ki
)− 2
q∑
i=2
νh1i
≥ 4q + 3n− 14
3n
q∑
i=2
3∑
u=1
ν
[n]
(fu,Hi),6ki
− 2
q∑
i=2
νh1t .
It implies that
3∑
u=1
q∑
i=2
ν
[n]
(fu,Hi)
6
3n
4q + 3n− 14ν
∏q
i=2(giσ(i)h
2
1i)
.
Obviously,
∏q
i=2(giσ(i)h
2
1i) ∈ B(q−1, 3(q−1); f 1, f 2, f 3). Applying Lemma 2.8, we obtain
q − 1 6 2N − n+ 1 +
q∑
i=1
n
ki + 1
+ ρ
(
n(2N − n+ 1) + 6n(q − 1)
4q + 3n− 14
)
+
3n(q − 1)
4q + 3n− 14 .
Since q ≥ 2n+ 2 and by the simple calculation, we have
6n(q − 1)
4q + 3n− 14 6
6n(q − 1)
11n− 6 <
4(q − n)n
n− 1 .
It implies that
q 6 2N − n + 1 +
q∑
i=1
n
ki + 1
+ ρ
(
n(2N − n + 1) + 4(q − n)n
n− 1
)
+
4q + 3nq − 14
4q + 3n− 14 ,
which is a contradiction.
• Case 3: ♯P = 0. By Lemma 3.7, for all i 6= j, we get
νgij ≥
3∑
u=1
ν
[n]
(fu,Hi),6ki
+
3∑
u=1
ν
[n]
(fu,Hj),6kj
+ 2
∑
t=1,t6=i,j
ν
[1]
(f,Ht),6kt
− (2n + 1)ν [1](f,Hi),6ki
− (n + 1)ν[1](f,Hj),6kj + νj.
Put
γ(i) =
{
i+N if i 6 q −N
i+N − q if i > q −N.
By summing up both sides of the above inequality over all pairs (i, γ(i)), we obtain
(3.9)
q∑
i=1
νgiγ(i) ≥ 2
3∑
u=1
q∑
i=1
ν
[n]
(fu,Hi),6ki
+ (2q − 3n− 6)
q∑
t=1
ν
[1]
(f,Ht),6kt
+
q∑
t=1
νt.
By Lemma 3.5, we can see that Vj 6∼ Vl for all j 6= l. Thus, we have
P
iγ(i)
st := (f
s, Hi)(f
t, Hγ(i))− (f t, Hγ(i))(f s, Hi) 6≡ 0, s 6= t, 1 6 i 6 q.
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We claim that: With i 6= j 6= γ(i), for every z ∈ f−1(Hj), we have∑
16s<t63
ν
P
iγ(i)
st
(z) ≥ 4ν [1](f,Hj),6kj − νj(z).
Indeed, for z ∈ f−1(Hj) ∩ Supp νj , we have
4ν
[1]
(f,Hj),6kj
(z)− νj(z) 6 4− 1 = 3 6
∑
16s<t63
ν
P
iγ(i)
st
.
For z ∈ f−1(Hj)\Supp νj, we assume that ν(f1,Hj),6kj(z) < ν(f2,Hj),6kj(z) 6 ν(f3,Hj),6kj(z).
Since f 1 ∧ f 2 ∧ f 3 ≡ 0, we have det(Vi, Vγ(i), Vj) ≡ 0, and hence
(f 1, Hj)P
iγ(i)
23 = (f
2, Hj)P
iγ(i)
13 − (f 3, Hj)P iγ(i)12 .
It implies that ν
P
iγ(i)
23
≥ 2 and so
∑
16s<t63
ν
P
iγ(i)
st
(z) ≥ 4 = 4ν[1](f,Hi),6ki(z)− νj(z).
The claim is proved.
On the other hand, with j = i or j = σ(i), for every z ∈ f−1(Hj), we see that
ν
P
iγ(i)
st
(z) ≥ min{ν(fs,Hj),6kj(z), ν(f t,Hj),6kj(z)}
≥ ν [n](fs,Hj),6kj(z) + ν
[n]
(f t,Hj),6kj
(z)− nν [1](f,Hj),6kj(z).
Hence,
∑
16s<t63 νP iγ(i)st
(z) ≥ 2∑3u=1 ν [n](fu,Hj),6kj(z) − 3nν [1](f,Hj),6kj(z). Together this in-
equality with the above claim, we obtain
∑
16s<t63
ν
P
iγ(i)
st
(z) ≥
∑
j=i,γ(i)
(
2
3∑
u=1
ν
[n]
(fu,Hj),6kj
(z)− 3nν[1](f,Hj),6kj(z)
)
+
∑
j=1,j 6=i,γ(i)
(4ν
[1]
(f,Hj),6kj
(z)− νj(z)).
On the other hand, it is easy to see that
∏
16s<t63 P
iγ(i)
st ∈ B(2, 0; f 1, f 2, f 3). Summing up
both sides of the above inequality over all i, we obtain
q∑
i=1
∑
16s<t63
ν
P
iγ(i)
st
≥ 4
3∑
u=1
q∑
i=1
ν
[n]
(fu,Hi),6ki
+ (4q − 6n− 8)
q∑
i=1
ν
[1]
(f,Hi),6ki
− (q − 2)
q∑
i=1
νi.
Thus,
q∑
i=1
νi +
1
q − 2
q∑
i=1
∑
16s<t63
ν
P
iγ(i)
st
≥ 4
q − 2
3∑
u=1
q∑
i=1
ν
[n]
(fu,Hi),6ki
+
4q − 6n− 8
q − 2
q∑
i=1
ν
[1]
(f,Hi),6ki
.
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Using this inequality and (3.9), we have
q∑
i=1
νgiγ(i) +
1
q − 2
q∑
i=1
∑
16s<t63
ν
P
iγ(i)
st
≥ (2 + 4
q − 2
) q∑
u=1
q∑
t=1
ν
[n]
(fu,Ht),6kt
+
(
n− 2 + 4q − 6n− 8
q − 2
) q∑
i=1
ν
[1]
(fu,Hi),6ki
≥ (2 + 4
q − 2 +
n− 2
3n
+
4q − 6n− 8
3n(q − 2)
) q∑
u=1
q∑
t=1
ν
[n]
(fu,Ht),6kt
.
It implies that
q∑
u=1
q∑
t=1
ν
[n]
(fu,Ht),6kt
6
3n
6nq + (n− 2)(q − 2) + 4q − 6n− 8ν∏qi=1(gq−2iγ(i)P iγ(i)12 P iγ(i)13 P iγ(i)23 ).
Observe that
∏q
i=1 g
q−2
iγ(i)P
iγ(i)
12 P
iγ(i)
13 P
iγ(i)
23 ∈ B(q2, q(q−2); f 1, f 2, f 3), hence applying Lemma
2.8, we obtain
q 6 2N − n+ 1 +
q∑
i=1
n
ki + 1
+ ρ
(
n(2N − n+ 1) + 2nq(q − 2)
6nq + (n− 2)(q − 2) + 4q − 6n− 8
)
+
3nq2
6nq + (n− 2)(q − 2) + 4q − 6n− 8 ,
which is impossiple since
2nq(q − 2)
6nq + (n− 2)(q − 2) + 4q − 6n− 8 <
2nq(q − 2)
6nq + q − 2 =
2n(q − 2)
6n+ 1
6
4(q − n)n
n− 1 .
The proof of Theorem 1.1 is complete. 
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